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Abstract 

We investigate the Killing spinor equations of IIB supergravity for one Killing 
spinor. We show that there are three types of orbits of Spin(9, 1) in the space of 
Weyl spinors which give rise to Killing spinors with stability subgroups Spin(7) x 
R 8 , SU(A) x R 8 and G2. We solve the Killing spinor equations for the Spin(7) x R 8 
and SU(4) x R 8 invariant spinors, give the fluxes in terms of the geometry and 
determine the conditions on the spacetime geometry imposed by supersymmetry. 
In both cases, the spacetime admits a null, self-parallel, Killing vector field. We 
also apply our formalism to examine a class of SU(4) x R 8 backgrounds which 
admit one and two pure spinors as Killing spinors and investigate the geometry of 
the spacetimes. 



1 Introduction 



In the last few years there has been much interest in the systematic understanding of 
super symmetric solutions of ten- and eleven-dimensional supergravities. The maximal 
super symmetric solutions of eleven-dimensional supergravity have been classified in PUI2] 
by exploring the vanishing of the curvature of the supercovariant connection of the 
theory. The Killing spinor equations have also been solved for one Killing spinor and the 
geometry of the spacetime has been investigated in [Hill]. This has been done by using the 
properties of spinor bilinears. The supersymmetric backgrounds of eleven-dimensional 
supergravity have also be examined using the holonomy of the supercovariant connection 
|3 EI , see also jHj and P • In [TU] it has been shown that that backgrounds with more 
than twenty four supersymmetries are locally homogeneous spaces. 

Recently, a new method for solving the Killing spinor equations of supergravity the- 
ories has been proposed in ^1] and applied to eleven-dimensional supergravity. This is 
based on a realization of spinors in terms of forms and the introduction of a basis in the 
space of spinors. Using this method, one can easily analyze the Killing spinor equations 
and determine the geometry of the associated spacetime. As a demonstration of the 
effectiveness of this method, the Killing spinor equations of eleven- dimensional super- 
gravity have been solved for one, two, three and four spinors with stability subgroups 
SU(5) and SU(A) [□]. 

Some progress towards a systematic understanding of supersymmetric solutions of 
IIB supergravity has also been made. The maximal supersymmetric solutions 

of IIB supergravity been classified in |TJ E] . It has been found that they are locally iso- 
metric to Minkowski space, AdS*, x S 5 [12 j and the maximal supersymmetric plane wave 
|14j , and they are related by Penrose limits . The holonomy of the the supercovari- 
ant connection of IIB supergravity is SL(32, R) which reduces for backgrounds with N 
spinors to a subgroup of SL(32 — N, R) k (Bn^ 32 ~ N . In addition, the Killing spinor 
equations of IIB supergravity have been expressed as the parallel transport equations for 
the associated form bi-linears in |T7j. Other methods have also been used to solve the 
IIB Killing spinor equations like for example the 'algebraic spinor' technique which has 
been applied to construct supersymmetric flows [18] . 

In this paper, we use the method proposed in [TTj to solve the Killing spinor equations 
of IIB supergravity for backgrounds that admit a Spin(7) xR 8 or an SU{4) kK 8 invariant 
Killing spinor. As an application, we examine backgrounds that admit one and two 
SU(4) x R 8 invariant pure Killing spinors. To apply the method, one has to take the 
following steps. 

• Find a realization of spinors in terms of forms and construct a basis in the space 
of spinors. 

• Find a canonical or normal form for the Killing spinors up to the gauge transfor- 
mations of the Killing spinor equations of the supergravity theory. 

• Substitute the canonical form of Killing spinors into the Killing spinor equations 
and use the basis in the space of spinors to turn the Killing spinor equations into a 
linear system for the fluxes, the geometry and the spacetime derivatives of functions 
that determine locally the Killing spinors. 
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• Solve the linear system for the fluxes and find the conditions that arise on the 
geometry of the spacetime 1 . 

A description of Spin(9, 1) spinors in terms of forms is presented in appendix A. A 
suitable basis in the space of spinors for our analysis is also given. The manifest gauge 
invariance of the IIB supergravity depends on the formulation of the theory. If the 
supercovariant connection is written as in ^2], then the gauge invariance is Spin(9, 1) x 
U(l), where £7(1) is a local (duality) gauge group 2 . However, it is convenient not to fix the 
U(l) part of the gauge symmetry because it may be used later to simplify computations 
for specific backgrounds, see [201- Because of this, we use only the Spin(9, 1) gauge 
group to bring the Killing spinor into a canonical form. We find that there are three 
cases to be considered which are distinguished by the stability subgroup of the Killing 
spinors in Spin(9, 1). These are Spin(7) x M 8 , 577(4) ix M 8 and G 2 . The canonical forms 
of the Killing spinors written in terms of forms are 



respectively, where f } g } gi,g2 are real functions of the spacetime. The Killing spinors 
depend on more than one spacetime function. 

We then substitute the Spin(7) x M 8 and 577(4) x M 8 invariant spinors into the Killing 
spinor equations 3 . In both cases, the linear system that we derive, after expanding the 
Killing spinors in the spinor basis that we have constructed in appendix A, is rather 
involved. However all equations can be solved to express some of the fluxes in terms of 
the geometry and to find the conditions on the geometry imposed by supersymmetry. 
The expressions for the fluxes are simplified using the self-duality condition of the five- 
form flux F . 

The conditions on the geometry, which are expressed as relations between compo- 
nents of the Levi-Civita connection of the spacetime, can be directly analyzed to specify 
the geometry of the spacetime. For the Spin(7) x M 8 and S77(4) x M 8 cases, it is also 
convenient to consider the spacetime form bi-linears associated with the Killing spinor. 
However unlike the eleven-dimensional supergravity case, the spinors of IIB supergravity 
are complex. Because of this acting on the Killing spinors with Pin and Spin invariant 
operations, one can construct new spinors that are defined on the spacetime. One such 
operator is C*, where * is the standard complex conjugation and C is a charge conjuga- 
tion matrix (see appendix A). Therefore if e is a Killing spinor, then e = C(e*) is a spinor 
defined on the spacetime but not always Killing. It turns out that for the geometric inter- 
pretation of the conditions on the Levi-Civita connection arising from the Killing spinor 
equations, it is necessary to construct the spacetime form bi-linears of the pairs (e, e), 
(e, e) and (e, e). The spacetime of supersymmetric IIB backgrounds with Spin{7) x M 8 
and S77(4) x R 8 invariant Killing spinors admits a null, self-parallel, Killing vector field. 

^he functions that the Killing spinors depend on may also be restricted. 

2 The field equations of IIB supergravity have an additional global SL(2, M.) symmetry [191 112| 

3 The Gi invariant case will be investigated elsewhere |5T) . 
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(/ + ig)(l + ei234) , 

U ~ 92 + igi)l + U + 92 + ^l)ei234 , 

/(I + ei234) + i-^=T + (e 1 + e 23 4) , 



(1.1) 
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In addition the associated spacetime admits a Spin(7) x R 8 and SU(4) x M 8 structure, 
respectively. Examples of such spacetimes are Lorentzian extensions of one-parameter 
families of eight-dimensional manifolds with generic Spin(7) and S77(4) structures. 

A special class of IIB backgrounds with SU{4) x M 8 -invariant parallel spinors are 
those for which the Killing spinor is pure. Pure spinors have been considered before in 
relation to the Killing spinor equations of IIB supergravity in j22] in a somewhat different 
context. The definition of pure spinor can be given in different ways. One way 4 is to 
assert that a spinor is pure iff the one-form bi-linear of the spinor vanishes. Using this 
definition, one can find that an S77(4) x M 8 -invariant spinor is pure if either 

e = hi , (1.2) 

i.e. gi = and / = —g 2 = h/2, or 

e = &ei234 , (1-3) 

i.e. gi = and / = g% — k/2 . We shall analyze the conditions in both cases. In 
particular, we shall investigate the e = hi case in some detail. This is because it is rather 
straightforward to solve the Killing spinor equations and it has most of the features of 
the generic SU(4) x R 8 invariant case. We shall also summarize the conditions required 
by supersymmetry for the e = k eu34 Killing spinor. Then, we shall give the conditions 
required for both hi and fcei 2 34 to be Killing spinors and we shall investigate the geometry 
of the associated spacetime. 

The Spin(7) x M 8 invariant Killing spinor is a special case of the £77(4) x M 8 invariant 
one, as it can be seen by setting g 2 = and g\ = g in (jl.ljl . Nevertheless it turns out 
that some of the conditions that arise on the geometry and some of the expressions for 
the fluxes are different. Because of this, we shall treat them as two distinct cases. We 
shall point out some of the differences in the geometry at the relevant sections. 

This paper has been organized as follows: In section two, we use the Spin(9, 1) 
gauge transformations of the Killing spinor equations of IIB supergravity to bring the 
Killing spinors to a canonical form. We also present the IIB Killing spinor equations and 
investigate some of their properties. In section three, we give the linear system that arises 
from the Killing spinor equations and summarize the conditions on the geometry of the 
spacetime that admits an S77(4) x R 8 invariant Killing spinor. We also investigate these 
conditions using the spacetime-form bi-linears that are associated to the Killing spinor. 
In appendix B, we explain the derivation of the linear system and express the fluxes in 
terms of the geometry. In section four, we summarize the conditions on the geometry 
of the spacetime that admits a Spin(7) x M 8 invariant Killing spinor and investigate the 
geometry of the associated spacetime. In appendix C, we express the fluxes in terms of 
the geometry for the Spin(7) x M 8 invariant Killing spinor. In section five, we present 
the conditions on the geometry for backgrounds with hi and ke^a pure Killing spinors. 
The fluxes for these cases are given in appendices D and E. In section six, we solve 
the Killing spinor equations for backgrounds which admit both hi and ke^i as Killing 
spinors and investigate the geometry of the associated spacetimes. 

4 Another way is to say that the pure spinor is annihilated by a maximal isotropic subspace of the 
spacetime, i.e. half of the gamma matrices along some directions annihilate the spinor. 
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2 Orbits of Spin(9, 1) and Killing spinor equations 



2.1 Orbits of Spin(9, 1) in A+ 

The group Spin(9, 1) has one type of orbit with stability subgroup Spin(7) x R 8 in the 
Majorana-Weyl representation 5 A^g. To see this, consider the spinor represented by 

l + e 1234 . (2.1) 

The stability subgroup of this spinor in Spin(9, 1) is Spin(7) ix R 8 . This can be easily 
seen by adapting a computation of done for eleven- dimensional supergravity to this 
case, see also and [23]. To find the stability subgroup, we solve the infinitesimal 
equation 

\ A BT AB (l + e 12U ) =0 , (2.2) 

where A parameterizes the infinitesimal spinor transformations. This computation is 
most easily done in the pseudo-Hermitian basis (jA.12|) . It is easy to see that the above 
condition implies that the parameters are restricted as 

— 2 e a,» 75 ^7<5 > ^009°^ = A_+ = A +Q , = A +(5 = , (2.3) 

where €1234 = 1. Observe that A_ a and A_„ are complex conjugate to each other but 
otherwise unconstrained. It is known that the Lie algebra spin(7) in a Hermitian basis is 
spanned by traceless (l,l)-forms and (2,0)-forms in C 4 which are related to their complex 
conjugates by a duality relation as in the first equation of (|2.3|) . see e.g. j2H]. Therefore 
the group that leaves invariant 1 + e\2u has Lie algebra spin(7) © R 8 . So we shall take 
the stability subgroup 6 to be Spin{7) ix R 8 . Note that the product is semi-direct because 
Spin{7) acts on M 8 with a spin representation. 

Having established this, we decompose A+ 6 under the stability subgroup Spin(7) as 

A+ =M< l + ei 234 >+A 1 (M 7 ) + A 8 , (2.4) 

where the singlet R is generated by l+ei234, A X (M 7 ) is the vector representation of Spin(7) 
which is spanned by the Majorana spinors associated with two-forms in the directions 
ei, . . . , e4 and i{l — 61234), and A 8 is the spin representation of Spin{7) which is spanned 
by the rest of Majorana spinors which are of the type r + 77, 77 is a spinor generated by 
the odd forms in the directions e±, . . . , e^. Therefore the most general spinor in A^ 6 can 
be written as 

7] = a(l + e 1234 ) + 0i + 2 , (2.5) 

where Q\ G A 1 (R 7 ) and 02 G A§. First we assume that a 7^ 0. In this case, there are two 
cases to consider depending on whether 02 vanishes or not. If 02 = 0, since Spin{7) acts 
with the vector representation on A 1 (R 7 ), it is always possible to choose d\ = ib(l — ei23 4 ). 
The most general spinor in this case then is 

77 = a(l + e^) + ib(l - c^a) ■ (2.6) 

5 Our spinor conventions as well as the realization of spinors in terms of forms is explained in detail 
in appendix A. 

6 There may be subtleties with discrete groups, see |27l I28| . 
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However, it is easy to see that this spinor is in the same orbit as 1 + ei234, e.g. observe 
that 

V = he^(l + e 12U ) , (2.7) 

where h 2 = a 2 +b 2 and tamp = b/a. Next suppose that 82 does not vanish. If 82 7^ 0, there 
is always a Spin(7) transformation such that 62 = cr + (ei + e234). This is because Spin(7) 
acts transitively on the S 7 in A 8 and the stability subgroup is G 2 , Spin(7) / G 2 = S 7 . 
In addition G2 acts transitively on the S 6 in A 1 (M 7 ) with stability subgroup SU(3), see 
e.g. [26\. So it can always be arranged such that 81 — ib(l — 61234). Therefore the most 
general spinor in this case is 

77 = a(l + ei23 4 ) + ib(l - e l2M ) + cT + (ei + e 234 ) • (2.8) 

However observe that this spinor is in the same orbit as 1 + ei234- Indeed 

r/ = e^ r " r6 e^ +rl a(l + e 12 34) • (2.9) 

So, we conclude that if a 7^ 0, then there is one orbit represented by a(l + 61234). It 
remains to investigate the case where a = 0. In this case, it is straightforward to see that 
the orbit can always be represented by cT + (ei + 6234). In turn, this spinor is in the same 
orbit of Spin(9, 1) as ^(1 + 61234) as can seen by acting on the latter with the element 
r 5 r! of Spin(9, 1). As a consequence, the stability subgroup of cT + (ei + e 2 34) is again 
Spin(7) x M 8 . Therefore we conclude that there is only one type of orbit of Spin(9, 1) 
in A+ 6 which can be represented with a(l + 61234). 

In IIB supergravity, the Killing spinors are (complex) Weyl and so they take values 
in two copies of the same Majorana-Weyl representation A^ 6 . To find the most general 
Killing spinor that can arise in the theory, we assume that the Killing spinor in the first 
copy is represented by a(l + 61234) and decompose the second Majorana-Weyl representa- 
tion under the stability subgroup Spin(7) x R 8 of rji. As we have mentioned, A^ 6 under 
Spin{7) decomposes as ()2.4|) . Using the same arguments as those below (J2.4|) . we can 
choose the two Majorana Weyl spinors of IIB supergravity to take the form 

771 = a(l + e^) , 

772 = 6i(l + ei234) + *2(l-ei234) + &3r + (ei + e 2 34) • (2.10) 

So far we have been concerned with the orbits of Spin(7). At this point we have to 
distinguish between two different cases. First suppose that 63 7^ 0. In this case, we can 
further consider the action of M 8 on the (J2.1U)) spinors. In particular observe that 

b i r-r6_i_ b 2 r-r 1 i , , 

m = e W r + W r 6 3 r+( ei + e 23 4) • (2.11) 

Therefore, we have shown that in this case the two Majorana-Weyl spinors of IIB super- 
gravity can be represented by 771 = a(l + 61234) and 7/ 2 = bT + (ei + e 2 34). The canonical 
form of the spinors is 

Vi = /(! + ei234) , 

772 = gT + {e l + e 2 u) , (2.12) 
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where /, g are real spacetime functions. In particular, the Killing spinor in ()2.17|) and 
(I2.18j) below is e = ?7i + ir/2. The stability subgroup of the Killing spinor is G 2 . 
Next suppose that 63 = 0. In this case, we have 

Vi = /(I + em4) , 

V2 = <7i(l + ei234) +^2(1 - ei234) , (2.13) 

where /, g% and g 2 are real spacetime functions. The Killing spinor in ()2.17|) and ()2.18|) 
below is e = r\\ + ir] 2 . The stability subgroup of the Killing spinor is S77(4) k M 8 . 
One can also take 63 = 62 — 0, in this case we have 

Vi = /(l + ei234) , 

V2 = g{l + e 123A ) , (2.14) 

where /, g are real spacetime functions. Similarly, the Killing spinor in (|2.17jl and ()2.18|) 
below is e = 7/1 + ir\ 2 and has stability subgroup Spin(7) ix M 8 . 

To summarize, there are three types of orbits of Spin(9, 1) in the Weyl spinor repre- 
sentation with stability subgroups Spin(7) Kl 8 , SU(i) kM 8 and G 2 . The representatives 
of these orbits are given in (jl.lj) . Unlike the M-theory case, the Killing spinor depend 
on more than one spacetime function. It is straightforward to extend the analysis in this 
section to backgrounds which have more than one supersymmetry. 

2.2 Killing spinor equations 

The bosonic fields of IIB supergravity are the spacetime metric g, two real scalars, the 
axion o and the dilaton 0, two three-form field strengths G\ and G 2 , and a self-dual five- 
form field strength F. The Killing spinor equations of IIB supergravity are the parallel 
transport equations of the supercovariant derivative D [TJ] 

v M e = v M e+^r^---^r M eF Wl ... W5 -^(r M ^^^ G ^^^_ 9r ^^ GMWiW j (Ce) * = o ; 

(2.15) 

and the algebraic condition 

P M V M {CeT + ^G NlNaNa r™ N *e = , (2.16) 

where 

Vm = D M + -Qm,abF , D M = &m — -Qm 

is the spin connection, Vm = <9m + \^m,ab^ AB , twisted with U(l) connection Q M , 
Q*m = Qm, £ is a (complex) Weyl spinor, r°--- 9 e = — e, and C is a charge conjugation 
matrix 7 . (For our spinor conventions see appendix A.) Killing spinor equations are the 
vanishing conditions of the supersymmetry transformations of the gravitino, and the 
super symmetric partners of the dilaton and axion restricted to the bosonic sector of IIB 

7 In the basis of gamma matrices chosen in |12j . C = 1, and so it has been neglected, see however 

M 
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supergravity, respectively. The precise dependence of the complex field strengths G and 
P on the scalars and Gi, G2 field strengths is described 8 in ^2] and we shall not repeat 
the formulae here. For a superspace formulation of IIB supergravity see ^Hl • 

It is convenient to choose the orientation of spacetime as eoi...g = 1. In this case, the 
self-duality condition on F is Fmu.Ms — —^^m 1 ...m 5 Ni "' N5 Fn 1 ...n 5 - Because e is chiral, 
the Killing spinor equations can be rewritten as 

V M e + ±-r N i~ N *eF Nl ... NiM - ^-(T M N ^G NlN2N3 - 9V N ^G MNlN2 )(Ce)* = (2.17) 
48 9o 

and 

P M T M (Cey + ±G NM r N i N * N >6 = . (2.18) 

Observe that the above Killing spinor equations are at most fourth order in the gamma 
matrices. 

It is worth exploring some general properties of the above Killing spinor equations. 
Acting with the anti-linear map C*, the Killing spinor equations ()2.17|) and (j2.18J) become 

V M (Ce)* + ~Q M {Ce)* - ±r N ^(Ce)*F Nl ... N ,M 
Z 48 

-^m NM G* nm - 9V N ^G* MNlN2 )e = , (2.19) 
where V is the spin connection and Q* M = Qm, and 



^r M 6 + ^G* NlN2N3 T N ^(Ce)* = , (2.20) 



respectively. Comparing ()2.17|) . ()2.18|) and ()2.19|) . ()2.20|) . it is clear that if e is a parallel 
spinor, then (Ce)* is also a parallel spinor provided that the fluxes P, G are real and 
F = 0. In such the background will have at least two parallel spinors. 

Next suppose that e is a Majorana-Weyl spinor. The Majorana condition implies that 
(Ce)* = e. This can be used to rewrite the Killing spinor equations (|2.17|) and (|2.18|) . 
and (12~T9T) and (I2~2U|) . in terms of e only. Taking the difference of (12~T7|) and (l2~T9l . we 
find 



i 1 
iQmg + —T Nl '" N4 eFN 1 ...N 4 M — — [^m NiN2N3 (G — G")n 1 n 2 n 3 
z4 9o 

-91^(6? - G*) MNlN2 }e = . (2.21) 



Similarly, taking the difference of ()2.18|) and ()2.20|) . we find 

(P - P*) M T M e + ^(G- G*) NlN2Na r NM e = . (2.22) 

It appears that the Majorana condition on the spinor imposes some reality restrictions 
on the complex field strengths P and G. 



8 We use a mostly plus convention for the metric. To relate this to the conventions of [T2J , one takes 
T A — > iT A and every time a index is lowered there is also an additional minus sign. 
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3 577(4) K M 8 -invariant Killing spinors 
3.1 The conditions 

We have shown that the canonical form of the most general IIB SU(4) x M 8 invariant 
Killing spinor is e = (/ — <72 + ifl r i)l + (/ + fl , 2 + ifl r i)ei234, where /, <7i,<?2 are real functions. 
Using the property that r~e = 0, one can show that 

e »r-+ e = e ™ e ( 31) 

for any spacetime function w. This gauge freedom can be used to normalize the overall 
scale of e. We shall use this freedom in the description of geometry of supersymmetric 
backgrounds. 

To derive the linear system which does not involve gamma matrices from the Killing 
spinor equations, we substitute the above spinor e into the Killing spinor equations. 
Then we decompose the vector 50(9, 1) representation under SU(4). This is equivalent 
to decomposing the frame indices as A = (+, —,a,a). Consequently, the fluxes and 
geometry decompose into SU(A) representations, i.e. Pa decomposes as P + ,P^,P a and 
Pa and similarly for the other fluxes and geometry 9 . We also decompose the Killing 
spinor equations under SU (4) representations using the decomposition of the fluxes and 
geometry that we have mentioned and the decomposition the gamma matrices as T A = 
T~, T a , T a ). Then we use the properties r Q l = r~l = and r a ei 2 34 = r~ei 2 34 = 0, 
which we have explained in appendix A, to rewrite the Killing spinor equations in the 
()A.13|) basis. Setting every component of the Killing spinor equations in this basis to 
zero, we derive a linear system for the fluxes, the geometry, as represented by the Levi- 
Civita connection of spacetime, and the first derivatives of the functions f,gi and g 2 - 
Here, we shall present the linear system that arises from the Killing spinor equations. 
This system is solved in appendix B. 

First, we substitute this spinor into the (algebraic) Killing spinor equation ()2.18|) . 
expand the resulting expression in the basis (jA.13|) and set every component in this 
basis to zero. We find that ()2.18|) implies the conditions 

{f + 92- Wi)Pa + ~(/ - 92 + igi)G- +a + i(/ - g 2 + 

+ ^(/ + 92 + igi)ea 0M G PM = , (3.2) 

I,. , ~ 1 



(f ~92- i9l)Pa + ~(f + 92 + igx)G- +a - -(/ + 02 + Wi)G al3 



( i \ r > i \ i i i v i / 1 i 

+ I2 (/ " 92 + l 9^ 01020s G 010203 = , (3.3) 



{f + 92- igi)P+ + - A U~92 + igi)G +a a = , (3.4) 

9 If the fluxes are complex, like P and G, then their various components do not satisfy the 'naive' 
complex conjugate relations, i.e. {P a )* ^ P& and similarly for G. 
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if -92- igi)P+ -\(f + 92 + igi)G +a a = , (3.5) 

and 

(f - 92 + igi)G +5l p - -(/ + g 2 + igi)e & f s G +lS = . (3.6) 

It is clear that this is a linear system for the fluxes of IIB supergravity and does not 
involve gamma matrices. 

Next we turn into the Killing spinor equation associated with the supercovariant 
derivative f)2 . 1 7j) . In particular the conditions along the a-frame derivative of the super- 
covariant connection are 

[D a + hl a / + + ^iW + - 92 + igx) 

+(/ + 92- igi)[\cy + - A G. +a ] = , (3.7) 

W -92 + igi^afafc + iF *Mil + iF "-+/3ife] 
11 1 

+ (/ + 92~ Wi)[jGoihh ~ -^9cx\p-fifa}J - T^aLSi^F+j 
— (f + 92 + igi) [2^,7172 — 2^ Q7l ' ) ' 2<5 '2 Fa -+-i^] e ^ ir2 

-\{f -92- %)GW 72 e 7l72 £ 1( a 2 = , (3.8) 



[D a ~ + -JV+ + ^a/ 7 7 - ^a-VK/ + 92+ *9l) 

+[-\G a ^ +hG^ a ]{f - g 2 -ig x ) 
+^FaM,M/ lhM V -92 + igx) - ^J M G^ 3 (f + 92- igx) = , (3.9) 

1 i 11 

[-^ a ,+0 + 2 F a+/3 7 K/ -92 + Wx) + [— 9 a pG+J - -G +a p](f + 92 ~ Wx) 

-~F a+PM e^p(f + g 2 + i 9l ) = , (3.10) 



■^F a +hMzU -92 + igx) + -^g a ]p x G hM+ {j + g 2 - igx) + — (f + 92 + igx) 
1 % 1 

[ip-a&i ~ 2 Fa +~t s \ el Mih ~ -92- igx)G + a 1 e y p x p 2 p 3 = . (3.11) 
The conditions along the a-frame derivative of the supercovariant connection are 

[As + \Va/ + ~^,-+ + ^«/ 7 7 + ~ F «-+/K/ -92+ igx) 

+\[G^ + G s .+](f + g 2 - igx) + ^(/ + g 2 + ig l )F aiim e™™ 
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~(f -92- igi)ea m G m = , (3.12) 



[^a,hh + iF &M21 + iF a-+^f3 2 Kf -92 + Wl) + ^G s ^(f + Q 2 ~ igi) 
~(f + 92+ igi) ^,7172 ~ 2^ 5 7i72<5 + ^ ^-+7172] ^ 72 ft #2 

-(/ -92- i9i)\-^9a- n G yi 8 + ^Ca 7l72 - -fi , a 7l G 72 _ + ]e 7l72 ( g i/ 3 2 = , (3.13) 



[As - + if2 a> -+ + ^ 7 V - ^-VK/ + + i<fc) 

+[-^<W + -G^ + ]{f -g 2 - i 9l ) = , (3.14) 



1 % 1 

[-^, +/ 3 + ^^aWK/ " 92 + igi) ~ gG +aj g(/ + #2 - 

i 1 
-g(/ + #2 + ^OF^+^^^e 717273 ^ - — (/ -g 2 - ^i)G 7l72+ e 7172 ^ = , (3.15) 

1 i 

iFa+hhhU -92 + igi) + (f + 92 + i0i)[-ft a ,+7 - 2 F «+^ <5 ] e7 ^AA 

1 1 

+(/ - ^2 - ^Ohjg^G+i + -G^e 7 ^^ = . (3.16) 
The conditions along the — frame derivative of the supercovariant connection are 

[D- + + \^-,- + + ^- 7 V](/ -92 + igi) + \G^(f + g 2 - i 9l ) 

+^(f + 92 + ^i)F_ 7l727374 e 71 ™ = , (3.17) 



1 

[ti-frh + i F -hhJ\(f -92 + igi) + 2 G -/3i/3 2 (/ + 92 - igi) 



-(/ + g2 + i<7i)[^- )7na - ^- 7172 /]e 7l72 ft 

1 

~4 



2 nrn 2 nw P1P2 

(/-^2-^i)G_ 7172 6 7l72 ^ 2 = 0, (3.18) 



[D- - V, 7 7 + V _ + + ^F_ 7 7 /](/ + g 2 + ^) 
4(/ - 92 ~ i9i)G-J + ^{f-92 + m)F-M,M/ lMz " A = , (3-19) 



+ \f_ + -^\U -g 2 + igi) + [~G^ + jQ G -+^f + 92- i9i) 
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~(f + 92 + igi)F_ +m e™ + 1(/ - g 2 - i 9l )G m e™^ = , (3.20) 

iF -+hhfaU -92 + igi) - \G hM:i (f + g 2 - igi) 

1 % 
+[7^- +7 - 2 F -+iA^ hMzU + 92 + igi) 

+[^<V + ^_ +7 ](/ ~ 92 ~ ^hhh = • ( 3 - 21 ) 

The conditions along the +-frame derivative of the supercovariant connection are 

[D+ + \tl + a< + + \ F WAU -g 2 + i 9l ) 

+\GWU + 92- igi) + -^(f + 92 + ^i)F +7lT27374 e^™ = , (3.22) 

l n +A02 + iF +hfr?\U -92 + igi) + \{f + 92- igi)G +hh 

1 i 

-[^+,1112 ~ 2 F +7i7 2 /](/ + 92 + igi)^M2 

-\(f -92- igi)G +lll2 e^ hh = , (3.23) 

[D+ - ^+, 7 7 + ^+,-+ + \ F WAU + 92 + igi) 
-\G + J{f -92- i 9l ) + ^(f-g 2 + igi)F +0AM /^^ = , (3.24) 

and 

= = . (3.25) 

As we have already mentioned all the equations that arise from the Killing spinor equa- 
tions are linear in the fluxes, geometry and the first derivatives of the functions /, g\ 
and g 2 . Although, this linear system may appear rather involved it can be solved to 
express the fluxes in terms of the geometry and to find the conditions on the geometry 
of the spacetime required by the existence of an SU(4) x M 8 invariant Killing spinor. 
We remark that we have not used the self-duality condition on the five-form flux F in 
the above conditions. However, the self-duality condition will be implemented in the 
solution of the linear system in the appendices. 

3.2 Geometry of spacetime 
3.2.1 Conditions on the geometry 

The expressions of the fluxes in terms of the geometry that solve the linear system of 
the previous section and the self-duality condition for F can be found in appendix B. 
Here, we summarize the conditions we have found on the geometry of the spacetime 
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for backgrounds that admit an SU(4) ix M. 8 invariant Killing spinor. In this case, it is 
assumed that the functions f,gi,g 2 of the Killing spinor are generic, i.e. that they do 
not satisfy any relations. The conditions on the geometry that arise from the solution 
of the Killing spinor equations are 

= &>a,+ a = ~ &>a,+ a = ^+,a° H = ^ ' (3.26) 

= o , + n 0t+a = o , (3.27) 
2d + f + n +i _ + f + Q +9l = 0, 2d +9l + n+,-+gi - L j^Q + = , 

2d + g 2 + n +> _ + g 2 - 9 -^Q + = 0, (3.28) 
d-(f + 9l + 9l) + + 92 + 9l) = , (3.29) 

da(f 2 + g\ + gl) + (n a ,-+ + ^-,a + )(f 2 +gt + gl) = , (3.30) 

= . (3.31) 
Observe that the conditions ()3.28|) imply that 

d + {f + g\ + g 2 2 ) + fi + ,- + (/ 2 + g\ + gl) = . (3.32) 

This condition is used later to show that the spacetime admits a Killing vector field. 
Observe also that the first equality in the second equation in (J3.26|) is not independent 
but follows from the second equation in (J3.27j) . The last equation (J3.31|) relates two com- 
ponents of the Levi-Civita connection. In what follows, we shall focus on the conditions 
(|3.26|) - (j3.30j) . Note that P determines the scalars up to a U(l) gauge choice. So Q is 
specified up to a £7(1) gauge transformation. Therefore one of the equations in ()3.28|) 
can be used to determine Q + . However, one can also view them as conditions on the 
geometry. 

3.2.2 Spacetime forms and the geometry of spacetime 

One way to analyze the conditions ()3.26|) - (j3.30|) is to find the spacetime forms that arise 
from spinor bi-linears and are associated to the Killing spinor e. Unlike the case of eleven- 
dimensional supergravity, the Killing spinor e = -±=[(f — g 2 + ig\)l + (/ + g 2 + ^1)61234] 
is complex 10 . Because of this, certain Pin(9, 1) and Spin(9, 1) invariant operators 11 act 

10 We have normalized the Killing spinor with an additional factor of 1/ 
11 Such operators are L± of appendix A. 
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non-trivially on e and give other spinors on the spacetime independent from e. It turns 
out that it suffices 12 to consider the spinor 

e = C*e = ~^=[(f + 92- ig\)l + {f ~ 92- igije^} . (3.33) 

The spinor e may not be a Killing spinor. The spacetime forms bi-linears associated with 
the pairs (e, e), (e, e) and (e, e) can be easily computed using the results of appendix A. 
In particular, we find three one-forms 

«(c,c) = [{J + igi? - gl\{e° - e>) , «(e,e) = [(/ - i 9l ) 2 - gj](e° - e 5 ) , 
«(e,e) = [/ 2 + ^ + fe 2 ](e°-e 5 ) , (3.34) 

a three-form 

£(e,e) = 2^ 2 (e°-e 5 )A^, (3.35) 

and three five-forms 

r(e,e) = \{f - g 2 + i 9l ) 2 (e° - e 5 ) A X + \ (f + g 2 + i 9l ) 2 (e° - e 5 ) A X * 

~[(f + i 9l ) 2 - 9 2 2 }(e°-e 5 )Au;Au; : 

r(e,e) = \{f + g 2 - ^) 2 (e° - e 5 ) A x + \{f - g 2 - ^) 2 (e° - e 5 ) A X * 

-^[(/-^i) 2 -^](e -e 5 )AcAc, 
r(e,e) = (/ 2 - ^ 2 + gf)(e° - e 5 ) A Re X - 2 gi g 2 (e° - e 5 ) A Im X 

-llf + gf + glKe'-e^AcuAcu . (3.36) 

Observe that the one-forms are along the same direction but this is not the case for 
the five-forms. The three-form vanishes if g 2 — and the SU(A) structure enhances 
to a Spin(7) structure. The relations between the various forms are apparent from 
their formulae. For example taking the inner product of the three-form with respect to 
one of the one-forms, one gets a two-form on the spacetime which after an appropriate 
normalization can be interpreted as the Kahler form of an eight-dimensional subspace. 

The spacetime Killing spinor form bi-linears above of supersymmetric IIB back- 
grounds are complex, unlike those of eleven-dimensional supergravity which are real. 
This is not surprising because both e and e are complex. It appears that the geometry 
of supersymmetric IIB backgrounds is complex. So the interpretation of the various 
geometric condition that arise from supersymmetry for IIB backgrounds may require to 
complexify the tangent bundle and the bundle of forms of the spacetime. 

To investigate further the geometry of spacetime, we introduce a frame such that 

ds 2 = 2e + e~ + 25 a0 e a e , (3.37) 
12 Because the spinor e is Weyl the other operator does not give a new independent spinor. 
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where e =1/ V2 (— e° + e 5 ), e + = 1/ y/2 (e° + e 5 ) and e a , e° is a Hermitian frame. After 
some rescaling, the third one-form in ()3.34j) can be written as 

k = -A=<e, e) = if + 9 2 i + 9\Y~ ■ (3-38) 

We denote the associated null vector field by X, i.e. X = (f 2 + g\ + g|)e + , where 
e A (ee) = &b anc ^ e s ^ s the coframe. Using the first equation in (|3.26|) and (|3.32j) . one 
can show that X is self-parallel, i.e. it satisfies the equation 

X B V B X A = . (3.39) 

In addition X is Killing, V aXb + V bXa = 0. This follows from the equations (|3.28p - 
(|3.3U|) and f)3.32j) . We have not found an interpretation for all the conditions in (|3.26|) . 
But some of them imply 

X a VaXb 1 ...b 4 (x*) Bi - B4 = ■ (3.40) 

The SU(4) structure on the spacetime is generic. If there were a restriction on it, there 
must have been a relation in ()3.26|) - (j3.31|) that restricted the components of the Levi- 
Civita connection Q along the £77(4) directions e a ,e a . But there is no such relation. 

One can introduce coordinates adapted to the null, Killing vector field X, X = ^ 
and write the spacetime metric as 

ds 2 = 2(Wdv + mjdy^Udu + Vdv + mdy 1 ) + -fudy I dy J , (3.41) 

where W,U,V,mi,rij and 77-j are functions of all coordinates, I, J = 1,...,8. Since 
X is Killing, all the components of the metric are independent of u. In addition U = 
f 2 + g\ + g\. To see this, we introduce the frame 

e~ = Wdv + mjdy 1 , e + = Udu + Vdv + nrfy 1 , e* = e^dy 3 , (3.42) 

where jjj = d^e^e^dy 1 dy J . Then we have 

X = {f + g\ + g 2 2 )e + = |- , (3.43) 

where e# is 

e + = LT 1 ± , e_ = - (UW)-W^- , 

ou ov ou 

j d , n,i Vr/ii d rrii d , . 

6l = 6 *dP + { ~U + WU } du~ ~ Wdv~ ' { } 

where e}ej = 8 i j, rrii = mje\ and rn = nje\. However, the Killing vector field can be 
written as 

X = (f 2 + g\ + gl)e + = (f 2 + g\ + ^)U~ 1 ^ = ^ . (3.45) 
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Therefore U = f 2 + g\ + g\. 

To write the metric in ()3.41j) . we have separated a coordinate v. Unlike u, there is no 
natural way to choose the coordinate v, i.e. the conditions on the geometry ()3.2fi|l - ()3.31J) 
implied by the Killing spinor equations do not lead to a definition of v. Because of this, 
there is no natural way to define an eight- dimensional submanifold E in the spacetime 
which can be identified as that that has an 577(4) structure. 

A simplification of the conditions on the geometry (|3.29j) and (|3.30J) . and of the local 
expression of the metric can be made by fixing a gauge for the transformation (|3.1j) that 
scales the Killing spinor e with a positive spacetime function 13 . For example, one can fix 
this gauge freedom by setting 

U = f 2 + gl + gl = l. (3.46) 

In this gauge ()3.29|) and ()3.30|) imply that = and VL & _ + = — Q_ In addition, 

one can set U = 1 in (l3~4l"J) . (1021 and lEOtll . In turn, (COSjl implies that Q + = 
-2g^d+f and9 + (^ 2 )=0. 

Examples of spacetimes that have the structure we have investigated in this section 
are Lorentzian extensions of one-parameter families of a manifolds with a generic SU(4) 
structure. The metric on such a family can be written as 

ds 2 = 2B 2 dv 2 + ^/uidy 1 + A^v^dy 1 + A J dv) , (3.47) 

where B, 'jjj and A depend on the coordinates v^y 1 , I = 1,...,8. The component A 
can be thought of as a non-linear connection of the family. Setting u = const in (|3.41|) . 
we find that 

ds 2 = 2(Wdv + midy^iydv + n I dy I ) + -f IJ dy I dy J 

= 2UVdv 2 + 2{Wn I + Vm I )dvdy I + { llJ + m I nj)dy I dy J (3.48) 

Comparing this with (|3.47jl . we get 

UV = B 2 + ^yuA z A J 

Wni + Vmi = / yuA J 
lu + m {I nj) = 7/j . (3.49) 

It is clear that to specify the geometry of spacetime additional data are needed which 
determine the extension of the 577(4) family to a Lorentian manifold. In turn these are 
related to the type of reduction of the Spin(9, 1) structure to the 577(4) k M 8 structure 
of ten-dimensional spacetime. 

3.3 A null geodesic congruence 

An alternative way to interpret the conditions on the geometry of the spacetime (|3.26| - 
(13.31)) is to use geodesic congruences. Since X is null and self-parallel, it defines a null 

13 Further gauge fixing is possible. For example, one can use R^+^ab = to set Q, +: ab = 0. 
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geodesic congruence in the spacetime. In addition X is Killing. This implies that the 
null geodesic congruence is divergence free, i.e. 

V A X A = , (3.50) 

and shear free 14 , i.e. 

sab = V A X B + V B X A - \d{g AB - X A X B ) = . (3.51) 
However, the geodesic congruence is not rotation free, i.e. 

r AB = VaX b - V B X A (3.52) 

does not vanish. Because of this, one cannot introduce Penrose coordinates on the 
spacetime jSO] along the null geodesic congruence defined by X. In particular, this 
implies that one cannot define a coordinate v. Nevertheless, if one choose a null geodesic 
in the null geodesic congruence defined by X, it is always possible to embed it in a 
rotation free null geodesic congruence and then take the associated Penrose limit. It 
turns out that the plane wave at the limit is Minkowski space because X is Killing and 
so the plane wave metric in Rosen coordinates does not depend on the affine parameter 
of the geodesic, see pTfl . 

4 Spin(7) k M 8 -invariant Killing spinors 
4.1 The conditions on the geometry 

The most general IIB Killing spinor which is invariant under Spin(7) ix M 8 is e = (/ + 
ig){l + 61234), where /, g are real functions . It is always possible to choose a gauge such 
that e = (1 + 61234). This is because the the Killing spinor equations of IIB supergravity 
are covariant under the transformation 

e uir h +i< / 3 

after an appropriate rotation of G. The parameters w and ip can be chosen such that 
g = and / = 1. However for many computations it is useful to have the freedom to 
rotate with e i(p . Because of this we shall allow f,g to be arbitrary. However as we shall 
explain later the e wT + transformation can be used to simplify the conditions on the 
geometry of spacetime. One can choose either / ^ or g ^ 0. In what follows we shall 
take / 7^ 0. The conditions on the geometry and fluxes that arise from the Killing spinor 
equations for e = (/ + ig)(l + 61234) can be easily derived from those of an S77(4) k R 8 
invariant spinor by setting f — f, gi — g and g 2 = in the conditions of section (|3.1|) . 
Because of this, we shall not state the conditions for supersymmetry again. Instead, we 
summarize the conditions for the geometry. The solution of the Killing spinor equations 

14 If X is a timelike or spacelike vector, then the last term in the formulae below is weighted by the 
length square of X such that sa A = 0. 
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and the expressions of the fluxes in terms of the geometry are given in appendix C. The 
expressions for the fluxes have been simplified using the self-duality of F. 

The conditions on the spacetime geometry for backgrounds that admit the Spin(7) X 



R 8 invariant Killing spinor e = (/ + ig)(l + 61234) are 

fi+, Q + = a,, + Q = n + , a a = , (4.1) 

n a ^ + - p + Qp !+a = , n a , +p + n 0t+a = , (4.2) 

2d+f + + Q+9 = , 2d + g + Q+^+g - Q + f = , (4.3) 

M/ 2 + s 2 ) + fi_,_ + (/ 2 + s 2 )=0, (4-4) 

da(f + g 2 ) + + ^- lCi+ )(/ 2 + <? 2 ) = , (4.5) 

^a, +/3 - \e a ^n^- l2 = , (4.6) 

^+,a0 ~ 7J e a/3 7l72 ^+,7i72 = • (4-7) 



The conditions that we have found for the geometry of supersymmetric backgrounds 
with a Spin(7) ix M 8 invariant Killing spinor are closely related to those that we have 
derived for backgrounds with an SU(4) x M 8 invariant Killing spinor. However there 
are some differences. For example the second equation in (J4.2)) is different from the first 
equation in 1CTT7I) . The rest of the equations in (j4T^)l - (jOjl are related to (f3~2"7]) - (f3~3"0|) 
after setting g 2 = 0. In addition ()3.26|) is same as in (j4.1|) after setting g 2 = 0. The 
equations (j4.6|) and ()4.7|) differ from (|3.31|) and the second equation in (|4.2|) . 

4.2 The geometry of spacetime 

To interpret some of the geometric conditions (|4.1j) - (|4.7j) that we have derived from the 
Killing spinor equations, we shall use the spacetime form bi-linears. The Spin(7) x M 8 
invariant Killing spinor 15 e = -j=(f + ig)(l + ei 234 ) is complex. Because of this, as 
we have explained in the case of an SU(4:) x M. 8 invariant Killing spinor, we should 
consider the spacetime forms associated with the pairs (e,e), (e, e) and (e, e), where 
e = C*e = -^(f — ^) (1 + 61234) and C is the charge conjugation matrix, see appendix A. 
We can easily compute these spacetime forms using the formulae that we have collected 
in appendix A. In particular, we find three one-forms 

«(c,e) = (f + tg) 2 (e°-e 5 ) , «(e, e) = (/ - ig) 2 (e° - e 5 ) , 
«(e,e) = (/ 2 + ff 2 )(e° - e 5 ) , (4.8) 

15 We have normalized the spinor with an additional factor of l/\/2. 
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and three five-forms 




( /+ ^)2( e O_ e 5 )A0) 

(/ 2 + /)(e°-e 5 )A0, 



r(6,e) = (/-^) 2 (e°-e 5 )A0, 



(4.9) 



where 



(f) = Rex - - 



uj A u . 



(4.10) 



It is easy to recognize from the expressions for x and uj in appendix A that <fi is the usual 
Spm(7)-mvariant four-form. Some of the one-forms and five-forms above are complex as 
may have been expected because the spinors e and e are complex. Unlike the SU(4) x M 8 
invariant case, the three-form bi-linears vanish. This may have been expected because 
there is no apparent Spin(7) invariant three- form which can be constructed on a ten- 
dimensional manifold. 

Writing the metric as ()3.37|) by introducing the frame e + ,e~,e a ,e a , we can write 
the third one-form bi-linear as k = — ^^(e, e) = (f 2 + g 2 )e~ . The associated vector 

field is X = (f 2 + g 2 )e + , where e A (e B ) = S A B - As in the SU(4) k R 8 case, the first 
condition in ()4.1|) and the conditions ()4.2j) - (J4.5|) imply that the null vector field X is 
self-parallel and Killing. Therefore X defines a divergence and shear free null geodesic 
congruence. One can adapt coordinates along X and write the spacetime metric as in 
(13.41)) with U = f 2 + g 2 , see [I] for a similar coordinate system on the spacetime of 
eleven-dimensional backgrounds with a null Killing spinor. The construction of a local 
expression for the metric and the introduction of a local frame on the spacetime can be 
done as in the SU(4:) x R 8 case that we have presented in section three. Because of this, 
we shall not repeat the construction here. The Spin(7) structure on the spacetime is 
generic. There are no relations between the components of the metric that lie along the 
(e Q , e a ) directions. 

One can use the transformation that scales the Killing spinor e with a positive space- 
time function, as in flUD, to set f 2 + g 2 = 1. Then (jOj) and (JSJ) imply that = 
and n_ ]Q+ = —Q a - + . In adition, (|4.3|) gives Q + = —2g~ 1 d + f. 

It remains to interpret the second condition in ()4.1|) . and the conditions ()4.6|) and 
(14. 7|) . These can be combined. In particular they imply that Q+^j and lie in the 

Lie algebra of Spin(7), or equivalently (|4.1|) (|4.6j) and (|4.7|) imply that 



where we have used the decomposition of A 2 (IR 8 ) = spin(7) © A 2 (M 8 ) under Spin(7). 

Examples of spacetimes with the above structure are Lorentzian extensions of one- 
parameter families of eight- dimensional manifolds with generic Spin{7) structures. The 
relation between the metric on the family and that of spacetime can be described as for 
the SU(A) k M 8 case which has been presented in section three. 



+^'Ia2(IR 8 ) 



[mHa2(IR 8 ) 



(4.11) 
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5 Pure spinors as Killing spinors 



5.1 Conditions on the geometry 

A special class of supersymmetric backgrounds with an SU(4) k M 8 invariant Killing 
spinor is that for which the Killing spinor is in addition pure. As we have mentioned in 
the introduction, there are different definitions of what a pure spinor is. Here we adopt 
the definition that a pure spinor is that for which the associated one-form bi-linear 
vanishes. Applying this definition to the 577(4) x M. 8 invariant spinor r\ — al + be^A, 
a, b G C, it can be shown using the results in appendix A, that rj is pure iff ab = 0. In 
particular for the SU(4) x R 8 invariant Killing spinor e, we find 



which in turn gives 



(f + i9ir-9Z = 0, (5.1) 



9i = 0, r = g$, (5.2) 



i.e. #i = and / = ±g 2 . 

First consider the case, g± — and / = —g 2 - The pure spinor 16 is 

e = hl, (5.3) 

where h = 2f. To derive the conditions required for e = h 1 to be a Killing spinor, we 
simply set g\ — and / = —g 2 in the conditions of section ()3.1|) that we have derived 
for the existence of an 577(4) K M 8 invariant Killing spinor. Because of this, we shall 
not state these conditions again. Instead, we summarize the conditions on the geometry 
that are required for h 1 to be a Killing spinor. The derivation of these formulae can be 
found in appendix D. 

The conditions on the geometry of a background to admit e = h 1 as Killing spinor 

are 

= Q>a,+ a = ~ Qa,+ a = ~ ^.a" + iQ+ = , (5-4) 

n a , + -p + Vp >+a = o , n a , +l3 = o , (5.5) 

2d + log h + = 0, 2<9_log/i + ft_ i _ + = , 

2d a log/i + + = ,' (5.6) 

= , (5.7) 

iQa - 2fi_ i+s - fi a / + Vlp/ = . (5.8) 



16 Observe that the spinor 1 is annihilated by half of the gamma matrices so it is a pure spinor 
according to the other definition that has been mentioned in the introduction. 
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As expected these conditions on the geometry resemble those of the generic SU(4:) x M. 8 
invariant spinor in (J3.26j) - (J3.31)) . The simplification in the above conditions appears 
because the Killing spinor h 1 depends on one function while the generic SU (4) x M 8 
invariant spinor depends on three functions. The expressions for the fluxes in terms 
of the geometry are summarized in appendix D. The main difference between the pure 
spinor case and the generic SU{4) x M 8 case is the condition (|5.8j) . This condition can 
be rewritten as 

QjJ^ + 2Q_ i+i + (W 5 )i = , (5.9) 

where W$ = X->dx is a Gray-Hervella class. However this equation is valid only if it is 
restricted along the e l frame directions as indicated. 

Next consider the other pure spinor ke^u- Again, the conditions that arise from 
the Killing spinor equations for k eyiz^ to be Killing spinor can be derived from those we 
have derived for case of a generic S77(4) x R 8 invariant spinor. For this, we set g% — 
and h — 2f — 2g2 in the conditions of section We shall not present here the 

derivation of the solution to the resulting equations. This can be found in appendix E. 
It turns out that the conditions on the geometry of a background to admit e = k ei 2 34 as 
Killing spinor are the same as those given for the spinor h 1 (|5.4)) - (|5.7j) after replacing 
the function h with the function k, expect for the sign of Q + in (|5.4|) and in (|5.8j) . The 
expressions for the fluxes in terms of the geometry are given in appendix E. 



5.2 Geometry and spacetime forms 

We examine the geometry of a spacetime with Killing spinor hi. The analysis for the 
Killing spinor k ei234 is similar and it will be omitted. Since h 1 is a pure spinor, the 
associated one-form bi-linear vanishes. But as we have explained, if e is defined on the 
spacetime, then so is e = C * (e) = heyiz^ even though that it may not be a Killing 
spinor. The spacetime form bi-linears associated with the pairs o (e, e), (e, e) and (e, e) 
are a one-form 



K ( e ,e) = h\e°-e 5 ) (5.10) 



a three-form 



and three five-forms 



f(e,e) = -ih 2 (e°-e 5 ) Au (5.11) 



r(e,e) = h 2 (e° - e 5 ) A X , r(c, e) = h 2 (e° - e 5 ) A X * , 
h 2 

r(e,e) = — — (e° -e 5 ) AwAw . (5.12) 

We introduce the frame e + ,e~,e a ,e a and write the metric as in 1)3.37)1 . After some 
rescaling, the one-form can be written as 

k = —-j=K(e,e) = h 2 e~ . (5.13) 



20 



The associated null vector field with X is self-parallel and Killing. The geometry of 
the spacetime is similar to that described for the generic SU(4) tx M 8 invariant spinor. 
For example the metric in local coordinates is given as in (jSZU) with U = h 2 . In the 
pure spinor case, one also has the condition ()5.8|) . If the spacetime is constructed as an 
one parameter family of manifolds, then the SU(4) structure of the eight-dimensional 
manifolds is restricted by this condition. 



6 Backgrounds with two pure Killing spinors 
6.1 Geometry and fluxes 

Combining the results we present in section five and in appendices D and E, we shall give 
the conditions on the geometry and the fluxes implied by the Killing spinor equations 
for supersymmetric backgrounds with Killing spinors e = hi and rj = k e^A- Thus these 
backgrounds admit two pure SU(A) x M 8 invariant Killing spinors and they constitute a 
class of supersymmetric backgrounds with two supersymmetries. 

Since the conditions (|5.fij) are the same for both spinors, it is easy to see that up to an 
overall constant scale h = k. After some computation, the conditions on the geometry 
required for a background to have Killing spinors e — hi and rj — h ei234 are 

= Q+,a/3 — Q a ,+(3 = ^a,+/3 = ^+,7 7 = ^-,7 7 = , (6-1) 

2d + log h + = , 2<9_ log h + _+ = , 

2da log h + ft a ,-+ + n_'a+ = , (6.2) 

^[71,7273] = ' ^a,f3^ = 3^^' a = ^ _ >+ a ' 

^«,ft& ~ 2 ^-,+[/3 1 5 , ft]a = • (6.3) 

The expressions for the G fluxes in terms of the F fluxes and geometry required by 
super symmetry are 

G+a/3 = G +Bl j3 = G — |_ a = G_+s = G a @ = G & @ = G +a p = , (6-4) 

G— a fi = Ca/3 7172 (^—,7172 ~l~ ^^-7i72<5 ) j G_aj3 = ^afp 1 ^ 2 (^—,7172 71 72 5 ) 1 

n 7 _ lp e hhPsh (a k\ 

U -7 - 3^-/3i/3 2 /3 3 /34 e ' 

n — O c r f : <5 i 5 2_ _ n — n _ _ J>\^2 (a c\ 

"07172 ii a,5i5 2 c 7172 1 "7172a "a,<5i<52 c 7i72 ' \ u,u / 

G717273 4£l—,+a £ 717273 > G717273 4r2_ j _|_ Q e 717273 • (6-7) 
Similarly, the conditions on the F fluxes are 

-^-+717273 = F+a/3-yS — F+afcfofa = F+afi^ = Fafofofofa = , (6.8) 
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= F+^s* = F_ +ahh = , F_ 7 V = 2Q- , (6.9) 

and 

Finally, the conditions on the scalars are 

P + = Q + = , Q a = , P a = -2Q_, +Q , P a = -2fi_ i+ « . (6.11) 

The components of the fluxes that do not appear in the above equations are not specified 
by the Killing spinor equations. 

The conditions on the geometry are investigated in the next section. Since the flux G 
is complex, the two conditions in (j6.6|) and in ()6.7|) are independent. In particular, the 
conditions (j6.6J) imply that G a p~ is the complex conjugate of G S( 3 7 . In addition, ()6.11|) 
implies that P a is the complex conjugate of P & . 

6.2 Geometry 

The spacetime forms associated with the Killing spinors e = / 1 and r] = h ei234 have also 
been given in section 5.2. The vector field X associated to the one-form k (|5.13|) is a null, 
self-parallel, Killing vector as for the other supersymmetric backgrounds with 577(4) kR 8 
invariant Killing spinors. However, some of the conditions on the geometry in this case 
are more restrictive. For example Sl a ,p+ — vanishes instead of ^l( a ,p)+ — 0. Introducing 
local coordinates for the metric as in (j3.41j) . the conditions f2 ai/ 3+ = ^ a ,/3+ = in (j6.1j) 
imply that locally mi = dim for some m = m(v, y). 

Furthermore, there are restrictions on the S77(4) structure of the ten-dimensional 
spacetime given in equation (|6.3p . All the conditions on the geometry we have found 
can be reexpressed as the vanishing of certain S77(4) x R 8 irreducible representations of 
the covariant derivative of the spacetime form bi-linears of the Killing spinors as in [3"2*j . 
We shall not give an exhaustive list because this is just a rewriting of the conditions on 
the geometry we have already expressed in terms of the spin connection Q. For example, 
one can show that (Va>)[ a/ g 7 ] = implies ^[ a ,/3j] = 0. 

7 Conclusions 

We have used the method of ^1] to directly solve the Killing spinor equations and the self- 
duality condition on the five-form field strength of IIB supergravity for one Spin(7) x M 8 
or one £77(4) KM 8 invariant Killing spinor. In both cases, we have found the conditions on 
the geometry of the spacetime required by supersymmetry. One difference with similar 
computations in eleven-dimensions [HI H] is that in IIB supergravity the Killing spinors 
depend on more than one spacetime function. As an example of our construction, we have 
presented the solution to the Killing spinor equations for backgrounds that admit one and 
two pure £77(4) K R 8 invariant Killing spinors. In this case, the Killing spinor equations 
simplify. Nevertheless, the geometry of the spacetime resembles that of backgrounds with 
a generic ££7(4) k M 8 invariant Killing spinor. There is another class of supersymmetric 
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IIB backgrounds with one supersymmetry for which the Killing spinor is G2 invariant. 
We shall present this case elsewhere f2*T] . 

We have computed the spacetime forms that are associated to Killing spinor bi- 
linears. It turns out that in general the forms are complex. This is not surprising 
because the Killing spinors of IIB supergravity are complex. Therefore, the spinorial 
geometry of IIB backgrounds appears to be associated with complex geometry, i.e. it 
requires the complexication of the tangent bundle and of the bundle of forms of the 
spacetime. This is unlike the spinorial geometry of eleven-dimensional backgrounds 
which is real. In addition, the spacetime forms in both Spin(7) x R 8 and SU(4) ix M. 8 
cases are related to SLAG and Cayley calibration forms, see e.g. [33]. However, in the 
context of supergravity these forms are not closed and so define generalized calibrations 
[33J |33] ■ It seems that IIB supersymmetric backgrounds admit generalized calibrated 
cycles. Such cycles are the supersymmetric solutions of D-brane worldvolume actions 
coupled to Ramond-Ramond fields in the absence of B field. 

We have seen that the geometry of some supersymmetric IIB backgrounds can be 
described using the reduction of the structure group from Spin{9, 1) to SU (4) x R 8 and to 
Spin(7) ix M 8 . It is clear that such reductions can be understood in a similar way as that 
proposed by Gray-Hervella [32] for almost Hermitian manifolds and further developed in 
[SHI EH EHj , see also [3JJ]. However to our knowledge, there is no systematic investigation 
of the reduction that occurs in the context of IIB supergravity. Supersymmetric IIB 
backgrounds with more than one Killing spinor may require even more exotic reductions 
of Spin(9, 1). 
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Appendix A Spinors 

The realization of spinors in terms of forms can be found for example in [301 EHj • This 
has been used in jH] to investigate the parallel spinors and associated forms on special 
holonomy manifolds. The description of spinors in jJOJ [33] extends over several chapters 
and [33] does not describe the construction for Lorentzian manifolds. Because of this, in 
this appendix, we summarize the essential information needed to realize the spinors of 
Spin(9, 1) in terms of forms. 

Let V = R 9,1 be a real vector space equipped with the Lorentzian inner product 
<•,•>. Introduce an orthonormal basis e 1; . . . ,e 9 ,e , e is along the time direction, 
and take the subspace U — M < ei, . . . , eg > spanned with respect to the first five basis 
vectors e±, . . . , e§. The space of Dirac spinors is A c = A*(U <8> C). This decomposes into 
two complex chiral representations according to the degree of the form = A even (£7®C) 
and A~ = A odd (U <8> C). These are the complex Weyl representations of Spin(9, 1). The 
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gamma matrices are represented on A c as 

T ?7 = -e 5 A 7] + e 5 j?7 , T 5 i] = e 5 A rj + e 5 j?7 
Tit] = a A rj + eiJi) , i = l,...,4 
T 5+i r] = id A 7] - itijr] . (A.l) 

The gamma matrices have been chosen such that {Tf, i = 1, . . . , 9} are Hermitian and 
To is anti-Hermitian with respect to the (auxiliary) inner product 

5 

<z a e a ,w b e b >=J2(z a y™ a , (A.2) 

o=l 

on U<S>C and then extended to A c , where (z a )* is the standard complex conjugate 17 of z a . 
The above gamma matrices satisfy the Clifford algebra relations Ta^b + ^b^a = 2t]ab 
with respect to the Lorentzian inner product as expected. 

The Dirac inner product on the space of spinors A c is defined as 

D( V ,9)=<T oV ,9> . (A.3) 

Observe that while D is invariant under Spin(9, 1) the auxiliary inner product <, > is 
not. 

It is known that on even-dimensional manifolds, there are two Spin invariant Majo- 
rana inner products. Only one of these inner product is Pin invariant as well. Therefore 
we expect that there are two Spin(9, 1) invariant Majorana inner products. One of them 
is defined as 

A(r t ,9)=<A(j } *),9> , (A.4) 

where the map denoted with the same symbol as the inner product is A = 1^12345. The 
other Spin(9, 1) invariant inner product is 

B( V ,9)=<B( V *),9> , (A.5) 

where B = To6789- Observe that the inner product B is in addition Pin invariant and 
skew-symmetric B(r),9) = —B{9,rj). The above inner products A and B pair the 
and A~ representations. Moreover, both A+ and A~ are null with respect to A, B, i.e. 
A, B restricted to either A^ or A^T vanish. 

It is well-known that Spin(9, 1) admits two inequivalent Majorana-Weyl representa- 
tions. So it remains to impose the Majorana condition on the complex Weyl represen- 
tations we have constructed above. This is done by setting the Dirac conjugate spinor 
to be equal to the Majorana conjugate one. Equivalently, one can impose the reality 
condition using an anti-linear map which commutes with the generators of Spin(9, 1) 
and squares to one. There are two ways of imposing the Majorana-Weyl condition each 
associated with the two Majorana inner products A, B described above. The associated 
anti-linear maps are 

L + = e iv+ T A* 

17 In (22) we denote the standard complex of 77 with fj instead of 77* that we use here. 
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L _ = e iv-Y Q B* . (A.6) 

The phases in L± are arbitrary. Clearly L± are antilinear and commute with the gener- 
ators of Spin(9, 1). The Majorana conditions on the spinors are 

L±(v)=V- (A-7) 

These reality conditions map forms of even (odd)-degree to forms of even (odd)-degree 
and select real subspaces A+ 6 and A]" 6 in A+ and in A~, respectively. These subspaces 
are the modules of the two inequivalent Majorana- Weyl representations of Spin(9, 1). 

In the formulation of IIB supergravity, one can use either the A (L + ) or B 
inner product (anti- linear reality map). In this paper, we describe our calculation using 
the B inner product. The reason for this is that B can be extended to the Spin(10, 1) 
invariant inner product of eleven-dimensional supergravity. This makes connection with 
the description of spinor in terms of forms in [H]. In particular the B inner product 
described in ^T] is equivalent up to a change of basis to the inner product B that we have 
given above. It is also convenient to simply somewhat the Majorana reality condition 
2J). In particular we choose the phase such that 



rj = -T B( V *) , (A.8) 

or equivalently 

V* = r 6 789^ • (A.9) 

The map C = IVsg is also called charge conjugation matrix, L_ = C*. Observe that 
the anti-linear operator C* commutes with the gamma matrices, i.e. C * Ta = TaC* or 
equivalently C^YaC — Y* A . As we have seen, the reality condition can also be expressed 
as rj = C * r] = C{rf). 

We shall illustrate the reality condition (|A.9J) with an example. Consider the complex 
chiral spinor al + be^s^, a, b G C. The associated real spinor of positive chirality is 

rj = al + a*ei234 • (A. 10) 

So we find two real spinors given by 1 + ei 2 34 and il — ie 12 34- 

It remains to give the spacetime forms associated with pair of spinors 77, 9. These are 

afa, 9) = yB( V , V Al ...A k 9)e M A ... A e Ak , k = 0, . . . , 9 . (A.ll) 

If both spinors are of the same chirality, then it is sufficient to compute the forms up to 
degree k < 5. This is because the forms with degrees k > 6 are related to those with 
degrees k < 5 with a Hodge duality operation. The forms of middle dimension are either 
self-dual or anti-self-dual. 

In many computations that follow it is convenient to use another basis in the space 
of spinors A c . This basis is given in terms of creation and annihilation operators. For 
this first write 

r s = -L(r a +iT a+5 ) , r ± = -^(r 5 ±r ) , r a = _L(r Q -*r a+5 ) . (A.12) 
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Observe that the Clifford algebra relations in the above basis are T^r^ + T^r^ = 2g^B, 
where the non-vanishing components of the metric are g a p = 5 a p, g+_ = 1. In addition 
we define T B = g BA TA- The 1 spinor is a Clifford vacuum, T^l = r+1 = and the 
representation A c can be constructed by acting on 1 with the creation operators T a , T + 
or equivalently any spinor can be written as 

5 1 

^ = 2 k[ fei..*k Tai '" akl > a = a,+ , (A.13) 

fc=0 

i.e. r ai " afc l, for k = 0, . . . , 5, is a basis in the space of (Dirac) spinors. This is another 
manifestation of the relation between spinors and forms. See also |32] for other bases of 
spinors used in the context of supergravity. 

A. l Spacetime forms from spinors 

To compute the spacetime forms that are associated with the Spin(7) K R 8 - and SU(4:) x 
IR 8 -invariant spinors, it is sufficient to know the spacetime forms associated with the 1 
and ei234 spinors. This is because as we have seen 1 and ei234 span the Spin(7) x R 8 - 
and SU(4) x M 8 -invariant spinors. As a result, the spacetime forms associated with the 
Spin(7) k IR 8 - and SU(4:) x M 8 -invariant spinors are linear combinations of the 1 and 
Ci234 spinor form bi-linears. Using (jA.llJ) . it is easy to find that the forms associated 
with the 1 and ei234 spinors are the following: A one-form 

«(ei234, 1) = k(1, ei23 4 ) = e° - e 5 , (A.14) 

a three-form 

£(ei234, 1) = -£(1, ei2 34 ) = i(e° - e 5 ) A cu , (A.15) 

and five-forms 

r(l,l) = (e -e 5 )A X 
r(ei234, ei234) = (e° - e 5 ) A x* 

T(ei234, 1) = r(l, ei23 4 ) = --(e° - e 5 )u A u , (A.16) 

where 

u = e 1 A e 6 + e 2 A e 7 + e 3 A e 8 + e 4 A e 9 
x = (e 1 + ze 6 ) A (e 2 + ie 7 ) A (e 3 + ie 8 ) A (e 4 + ze 9 ) . (A.17) 

Note that x an d oj are the familiar SU(4) invariant forms. 

Appendix B The solution of Killing spinor equa- 
tions for SU(4) x m 8 - invariant spinors 

B. 2 The solution of the linear system 

The independent components of the P and G fluxes are the following: 

P+, P., P a , Pa (B.l) 



26 



y^t s~1 s^l _ 

<-JH — a ; — a ; <J"+o/3 j ( - T + Q( (3 ) t - jr +a/3 

The five-form flux F can be decomposed as 

F-\ — a/37 ' -^H — «/?7 5 F-a/3~f8 1 F'—aPyS 1 ^-a/3^S 1 

up to complex conjugation. However, these components are not independent but they 
are related by the self-duality condition of F. The self-duality condition F Mi ^ Mb = 
— ■^£m 1 ...m$ Ni "' N5 Fjs[ 1 ...Ns relates the above components of F as 

P - — ^-717273 ^ 

- 1 aia2«3<^4/9 gCai^as^^ — I-717273 

IT 1 71 - - 7273 TP 

■r ai a 2 03 Pi P2 ~ ~^ e aT.a 2 az e /3i/3 2 ^ — h7i7273 

TP = D 

P - = __ fi -0iP203 (: 7 F 

1 +aia2«3/3 q c /3 tai«2«3 1 +/3iP2/337 



/.' — — — c- - tilth * 7172 p . . 

+/3i/32<*i<*2 ~~ ^ c /3i/32 t «i«2 1 +71 7201 



F i_ P AfafaPi TP 

TP - — £ p -AjSa/fe 7P 

TP - - — — - ^i^ 2 ^ 7172 TP - - (T\ A\ 

1 —$\faoL\a.i ~ ^Pife t aia2 ^-717251(52 ■ 1-°- V 



These imply the following relations 



TP 

+010203 



F 5 


— F _L 


TP - 5 
r ai Q2 /3<5 


Z~" 

— haia2/3 


F J 1 

1 ap 7 


= 2F_ +Q( 5 


F+ a ps 


= 


_ oia 2 a3 
[/3 6 7] 


= 


771 0/3 

-T+a 13 


= . 



p ti 

012} — h<5 



:b.5) 



Since the P and G are complex fields, the holomorphic and anti-holomorphic com- 
ponents are not complex conjugate, i.e. P a ^ (Pa)*- Because of this, it is convenient to 
solve the Killing spinor equations for G and P first. The remaining equations can then 
be expressed in terms of the spacetime connection Q, the five-form flux F and the scalar 
connection Q. Since Q, F and Q are real, one can analyze the remaining equations using 
complex conjugation. Throughout this computation, we use the self-duality condition of 
F. 

To solve the Killing spinor equations, we assume that the functions f,gi,g2 are 
generic. In particular, we shall take / 7^ ±#2 7^ and g x 7^ 0. We shall give the solutions 
of some special cases in appendices C, D and E. First consider the conditions associated 
with the algebraic Killing spinor equation. Treating (|3.4j) and (|3.5|) as equations for the 
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variables P + and G +a a , observe that the determinant of coefficients is — 1(/ 2 + g\ + ). 
So unless the spinor e vanishes, we find that 

p + = G +a a = . (B.6) 

The conditions ()3.2|) and ()3.3|) are viewed as equations for P a and P a and so both are 
determined in terms of components of the G flux. From now on, we shall assume that 
the +, a and a-derivatives of the scalars are determined. P_ remains undetermined by 
the Killing spinor equations. 

Finally, ()3.6|) is viewed as an equation which relates the G +a p and G +Bl p components 
of the G flux. It will be used later to express G +a p and G +a p in terms of components of 
the F flux and geometry. 

Dualizing (|3.1fij) with respect the epsilon tensor, using ()B.6jl and taking a trace, we 
find 

n A+ ' = . (B.7) 
Substituting (IB~7l) into (ET22J) . we find 

D+(f -92 + igi) + [^+, 7 7 + \^+,- + }{f -92 + igi) = . (B.8) 
Substituting ()B.7|) into (|3.24j) and taking the complex conjugate, we get 

D*+(f + 92- igi) + [^+, 7 7 + l^+,-+](f + 92- igi) = . (B.9) 
Taking the sum and the difference of the above two equations, we deduce 



0+f + \{92 - igi)Q+ + [^+, 7 7 + l^+,-+]f = () ^ (B.10) 



and 



d + (92 - igi) + % -fQ+ + [^+, 7 7 + ~^ + ,- + ](<? 2 - igi) = o • (B.ll) 

Taking the complex conjugate of (|B.10|) . we find that 

^Q+ + ft +l7 7 = (B.12) 



and 



d + f + |Q + + l^+,-+f = ■ (B.13) 



Then (jB.lljl implies that 



~Yf {f2 ~ ^ )g+ + 9+91 + \ n ^- +91 = 
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!n92 -Q+ + d + g 2 + ln+,-+92 = . (B.14) 



2f 2 

Next let us turn to f)3. lUj) and ()3.16|) to determine G +a p. Solving the latter in terms 
of G +a p, we find 

l r / + 92 + igi r Q F i, , R1 ,x 

^ J — 92~ Wi 

Next substituting in (|3.10j) . and taking its complex conjugate, we find that 

fi aJ+ + = , (B.16) 

and 

i(f 2 + 9 2 2 + 9!)F +a ps 5 + 2fg 2 n a ^ = 0. (B.17) 

This equation determines the F +a p/ component of the flux F in terms of the geometry. 
Substituting (lB~T7l) in (jB~T5j) . we can determine in terms of the geometry as 



r _ n {f + m) 2 -9i n 



Next we turn our attention to (|3.11|) . 1)3.15)1 and ()3.6jl . First, we symmetrize the free 
indices in (13.15)) and in the dual of ()3.11|1 to find 

F + hhH^) hM3 = , (B.19) 
which together with the duality constraint implies 

F+ ai a 2 a z p = , (B.20) 

and 

Qa,+/3 + = . (B-21) 

Next, we dualize (|3.11|) and take the difference with the dual of (|3.15|) in such a way as 
to eliminate the G dependence and to find 

(/ + 92 + igi)n a , +p -l(f- 92 + i gi )E a ^n-^ 2 = o . (B.22) 

Comparing this expression with its complex conjugate, we get that 

Q ai+p = . (B.23) 

Taking the sum and the difference of ()3.6|) and ()3.15|) and comparing the two, we 
deduce that 

= , (B.24) 
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and 

G Ql3+ = . (B.25) 

To continue, we substitute (fFT24|) and (jR25|l into (j3~2Hjl and then use (JE2BJ). After 
some computation, we find that 

Q +tSB = . (B.26) 

This relates the component of the connection to the f2 71>+72 component. 

Next, we multiply (|3.17|) with / — g 2 — igi and ()3.19|) with / + g 2 — ig\ and take their 
sum. Separating the resulting expression in real and imaginary parts, we get 

d-{f + g\ + gl) + ^-,- + (/ 2 + gl + gl) = o , (B.27) 

and 

- i{f + gl + gl)Q- + 2ifd-gx - 2i 9l d-f - 2fg 2 Q^ a a + % -F- a a a\f + g 2 2 + gl) 

+ ^[f - (<72 + i 9 i) 2 ]F_ 7im e™™ 
+^lf ~ (SS " igi) 2 ]F^ im e™™ = 0(.B.28) 

This equation can be thought of as determining F_ a a ^ in terms of the other fluxes and 
geometry. The component F_ 7l727374 and therefore also its conjugate is not specified 
by the Killing spinor equations. We multiply (|3.17|) with / + g 2 + ig\ and (|3.19|) with 
/ — 02 + igi and take the difference. This gives 

- 2fd^g 2 + 2g 2 d_f + 2ig 2 d„ 9l - 2ig x d„g 2 + ft_, a Q [(/ + ig x f - gl] 
+\{f + gl + g!)G- a a + ^(f + 9 2 + i 9l ) 2 F^ im e^^ 

~U -g2 + z# a ) 2 F_ 7l727374 e^™ = . (B.29) 

This equation expresses the component G- a a of the G flux in terms of the F flux and 
geometry. 

The equation (|3.18|) contains the components F_ a ps 6 , G_ Q/ g and G_ Bl p- So it can be 
used to determine either G- a p or G_^§ in terms of the other two components. There is 
no obvious advantage to give explicitly the solution since the remaining fluxes are not 
determined by the rest of the equations of the linear system. 

The conditions (|3.8jl . (|3.12j) . (j3.14j) and (|3.20|) should be investigated together. First, 
we take the trace of ()3.8|) to find 

(/ - 02 + igi) [fyj/a - iF-+/a) + {f + g2- igi) [\g & / - ^G & „ + ] 
-\{f + g2 + igi)n iu7213 e™^ -±(f- g2 - i 9l )G m e^ a = . (B.30) 
Combining the above equation with (|3.20j) . we get 

1 i 

(/ - 02 + igi)[Va + fi-,+a] - (/ + 02 + ^l)[ 2^71,7273 + 3 i7 7l7273-+] e7l7273 « 
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~ 12 (/ " 92 ~ ^i) G, 7i727 3 e 7l7273 a = , (B.31) 

which determines G 717273 in terms of the F flux and geometry. Substituting the above 
solution for G 7l7273 in both (|3.2U|) and (|3.12|) . and summing them with appropriate 
numerical factors, we get 

D s {f -g 2 + igi) + [^a/ + 2°a,-+ + tys/s + ^-+a/ + 2fl_ J+a ](/ ~ 92 + Wi) 
+(/ + ^2 + ^i)[-^ 7ll7273 - |F 7l7273 _ + ]e^^ + + 92 - igx) = (B.32) 

This equation determines G hS , in terms of the F fluxes and the geometry. If instead, 

we take the difference of (|3.12j) and (jB.32|) with appropriate numerical factors, we get 

^D a (f -g 2 + igx) + [-n a / + -fi a ,-+ 
+ \^ & ](f -92 + igx) + + 92- igx) 

+(/ + 92 + »ji)[~an lW , + ~F T17273 _ + ]e^™ s = , (B.33) 

which determines the component G & ^p of G. By substituting the above results into ()3.8|) . 
we can solve for G a s^ 

G a m = jt. — - — - ±g a \p D i\U -gi + ig\) + (f - g% + igx) (-2ft ^ 

U+92-Wi)^ 

-2g a ]pQ%8 + 2g a [p^%+- - 4i-F_ +Q/ 3 7 + 4ig a[ pF^ +s ) 

+(f + 92 + igx)e^ 5lS2 (n aA s 2 - 2iF^ +a5l52 )) . (B.34) 

We have thus solved all three equations (|3.8|) . (|3.12|) . and (|3.2(J|) for G a py, G^ +Bl , G&pP 
and G a - m . 

It remains to solve ([3. 14)1 . For this first, we compute the difference flB.33|) and ()B.32|) 
with appropriate numerical factors and find 

D a (f -g 2 + igx) + [^a/ + 2 n a.-+ - iF -+&/ 

-«_,+«](/ -92 + igx) + {-\g- + * + \GaAU + 92- igx) 

+f (/ + 92 + igx)F m ^+e^ a = . (B.35) 

Next we multiply (jB.35|) with / — g 2 — igx and (|3.14j) with / + g 2 — igx to get 

da(f + 9l + 9 2 x) - *QM 2 + g\ + 9 2 x) + 2ifD &9l - 2ig 1 D ei f + [fi a ,_+ 
-2iF_ +5l / - n_^}(f + g 2 2 + gl) - 2fg 2 [Vt & / - 

+ |(/ 2 " (92 + ^i) 2 )^ l72 73-+e 717273 * = . (B.36) 

This will be compared later with another equation which we shall derive by examining 
the rest of the equations. 
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Similarly, the conditions ([3.7)1 . p. 9)1 . ()3.13j) and ()3.21j) should be investigated to- 
gether. We first dualize (j3.13j) and then take the trace to find 

(/ + 92 + - iF- +a /} + U-92- + 

+\{f -92 + z<?i)%, 7273 e™a + ~(f + g 2 - igi)G m e™\ = . (B.37) 

We take the sum of ()B.37j) with the dual of (|3.21j) after weighting the equations with 
appropriate coefficients to get 

1 i 

(f + 92 + igi)[-Vtpf a - ft-.+d + (f - 92 + ^i) [2^71,7273 + 3^- 



1 .,717273 
+7i 7273 J c < 



+ ^{f + 92- i 9l )G m e™\ = . (B.38) 

This equation gives G 7l7273 in terms of the F flux and the geometry. 

We substitute G^ 2 ^ 3 in the dual of (j3.21j) and in ()3.9j) and take their difference after 
weighting the equations with appropriate coefficients to find 

D a (f + 92+ igi) + [~lp a / + -jP<a,-+ ~ iF- +a J 

+Q^ a + 2fi_ )+a ](/ + g 2 + igi) + ^G- +a (f - g 2 - igi) 
+ (/ -g 2 + igiX—Shw - ^ +m ]e™\ = , (B.39) 

which gives G ha in terms of the other fluxes and geometry. By substituting the above 

results into ([3. 13)1 . we can now solve for G a ^ to get 

G a ^ = j- — —-( - 4gj[ a D p] (f + g 2 + igi) + (f + 92 + 2#i)(-2S\ Q/3 

[J — 92~ Wi) v 

+2g*f[attp],5 + '2g*i[oP'0\,+- — ^iF- +a /3^ — ^igy[aFj3]-+6 ) 

+ (/ -g2 + i gi )eJ^(fy rSlh - 2iF__ H??1& )) ■ (B.40) 

Subtracting (|B.39|) from ()3.9)) with appropriate factors, we find 

3 3 3 % 

|A*(/ + g2 + igi) + hgO*/ + g^-f + \ F -+J 

+-n-^ a ](f + g 2 + igi) - ^G aS 5 (f -g 2 - igi) 
+ (f ~ 9 2 + %)[-~%, 7273 + ~F_ +m ]e™ Q = , (B.41) 

which gives G a $ s in terms of the F flux and geometry. 

Subtracting (|B.39|) from ()B.41j) with appropriate numerical factors, we find 

D a (f + g 2 + igi) + [- A/ + + iF -+^ & - V-, + a}(f + 92 + igi) 

+ \-\g^ ~ \G- + «]{f -g 2 - igi) + |(/ - g 2 + igi)F_ +m e™\ = . (B.42) 
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We multiply (|3.7jl with / — g 2 — ig% and ()B.42|) with / + g 2 — ig\ and sum them together. 
Then we take the complex conjugate of the resulting expression to find 



d a (f 2 + gl + gl) + iQa(f + gl + gl) - 2ifD« gi + 2i 9l D & f 

+ 2iF_+a/ - fi-, +a ](/ 2 + gl + gl) - 2fg 2 [-Q 5l / + 

O.i _ 

717273 n 

rv — U . 



2% 

■jif - (92 + z#i) 2 )F_ +7l7273 e' 



(B.43) 



It remains to compare (jR~36j) with flB~43f) . Taking the sum and the difference, we find 



W 2 + gl + gl) - [fi a ,+- + fi-, +Q ](/ 2 + s 2 2 + s 2 ; 



(B.44) 



and 



2i(/ 2 + 0! + <7i 2 )Qa + Mfd a9l - U gi d & f 



-*f 92 P 



a,/3 



n. 



4zF_ +a /(f 2 + gl + gl: 



(g 2 + t gi ) 2 )F. 



-71 7273 l 



,717273 . 



(B.45) 



These last equation can be used to determine one more component of the F flux, say 



-+717273 • 



We shall not substitute F_ 



+717273 



back into the equations that determine the G 



fluxes. This is because the resulting equations do not exhibit any apparent simplification. 
So, we shall take the scalar fluxes to depend on the G and so implicitly on the F fluxes 
and geometry, the G fluxes to depend on the F fluxes and geometry, and the F fluxes to 
depend on the geometry. The equations that determine the various components of the 
fluxes are summarized in the tables below. 

The scalar fluxes P are given in the following equations 



Fluxes 


Equations 


P+ 


(JE1J) 


Pa 


(HI 


Pa 


flU 


he following equatioi 


Fluxes 


Equations 


s~i a 






(1B.18|) 


G+a/3 


(1B.25|) 




(|B.24|) 


rt a 
Lr_ Q 


(|B.29|) 




(|3~TH|) 


G a /3~f 


(|B.31|) 


G (-Q 


(|B.32|) 




(|B.34|) 


G a /3*f 


(|B.38|) 


G — \- a 


(|B.39|) 


G a f3*f 


(|B.40|) 



(B.46) 



(B.47) 
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The F fluxes are determined by the following equations 



Fluxes 


Equations 


F+a/3-yS 




TP 7 
r +a/3<y 


p. in 




(|B.2n|) 


1 —a p 


(|B.28|) 




(lB.45() 



(B.48) 



The fluxes that are not mentioned in the above tables are not restricted by the Killing 
spinor equations. F is further restricted by the self-duality condition. The conditions 
on the geometry have been summarized in section three. 



Appendix C The solution of Killing spinor equa- 
tions for the Spin(7) k M 8 -invariant 
spinor 

The analysis of the conditions of the Killing spinor equations for a Spin(7) x M. s invariant 
spinor is similar to that of an SU (4) ix M 8 invariant spinor but there are some differences. 
Because of this and for stating the conditions for the existence of a parallel Spin(7) x M 8 
spinor, we shall repeat the analysis from the beginning. 

The algebraic Killing spinor equations (|3.4|) and ()3.5|) imply 

P + = G +a a = , (C.l) 

and ()3.6|) gives 

The two other equations can be thought of as determining the scalars in terms of the G 
fluxes. 

Next consider (|3.16J) and (|3.10|) . After taking the dual of the former and the trace, 
and using the self-duality of F, we find 

Q a ,+ a = . (C.3) 

Using the above equations, we take the sum and the difference of (13.10)1 with the dual 
of (JHHEJ), and separate the sum in real and imaginary parts to find 

{l a , + p + = , (C.4) 

and 

F+aps* = • (C.5) 
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The difference, instead, gives 

(/ - ig)G +a0 - 2(/ + tg)n a ^ = . (C.6) 
Using (|3.22j) and (|3.24|) and some of the above equations, we find that 

fi+, 7 7 = , (C.7) 

and 

gQ + + 2d + f + n + ^ + f = , 
-fQ+ + 2d + g + Q + ^ + g = . (C.8) 

We now consider (|3.fjjl . ()3.11|) and ()3.15|) . Symmetrizing ()3.11|1 and (|3.15j) and com- 
paring them, we get 

fi (ai/J)+ = , F +m{a e^™ 3 = . (C.9) 
The latter condition together with the self-duality of F imply 

Fa ia2 a a p = • (C.10) 

Therefore the symmetric part of (|3.15jl and of the dual of (|3.11j) vanishes identically. 
Next, we take the difference of ()3.11|) with ()3.15|) with appropriate factors to find 

The conditions f)3.fi|) . (j3.11|) and (|3.15jl give 

G +a /3 — 2 : { '-r-^a,+(3 = , (C.12) 

f-w 



and 



G+a/3 _ ^ '~pa,+/3 ~ ) (C.13) 

J ^9 



which determine the components of the G flux in terms of the geometry. 

Next let us turn our attention to (|3.23j) . Using (jC.12j) and ([C.13)l . we find that 

Taking the difference of (|3.17|) and ()3.19|) . we get 

- ig) + nV(/ + i9) + ^(/ + ^g)[F^ lm e^^ 



-71727374 



,71727374] = ; (C.15) 
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which can be used to determine G_ 7 7 . Then splitting the sum of (j3.17J) and (j3.19|) in 
real and imaginary pieces, we find 

+F _ m ^m] = o , (C.16) 

and 

2cL<? - Q_J + n^ + g + ^F„ 7 7 / + ^[F_ 71727374 e 71 ™ 

+-F 1 _ 7l727374 e 7 7 737 ] . (C.17) 

The last two equations give 

d4f 2 + 9 2 ) + ^-Mf + 9 2 )=0, (C18) 

and 

2gd_f - 2fd„g + Q_{f + <? 2 ) - ^- 7 V(<? 2 + f) 

f 2 + q 2 

[p ,71727374 1 p ,717273741 _ n (n in\ 

-^2 L -7i727374 c 1 1 -7l727374 c J ~~ u • l ,J,iJ i 

The latter can be used to determine F_ 7 7 < 5 <5 . 
The condition (j3.18|) can be written as 

I \ 

IP-A#a ~~ 2 e ^ 1 ^ 27172 ^"' 7172 + ^~hh& + 2 e ^i^2 7l72 -^-7i72<5 )](/ + ^) 

+il—^l(G^ 2 - ^™GL 7172 ) = (C.20) 

and can be used to determine the complex anti-self dual part of G_^§. 

The equations (|3.8j) . (|3.12j) . (|3.14|) and (|3.2(Jj) can be analyzed as in the case with an 
SU(4) ix M 8 invariant spinor. We shall not give the details but instead we shall state the 
results. In particular G a ^ is determined by the equation 

(/ + igWpf* + n_ f+a ] - (/ + ig) [^71,7273 + ^7i7273- + ]e 7l7273 s 

-^(f-i9)G m e^^ = 0, (C.21) 

G_ +s , is determined by 

D & {f + ig) + [~n s / + + fy? a + iF- +& / + 2fi_ J+a ](/ + ig) 

+(/ + ^)h^7i,7273 - ^7i7273-+]e 7l7273 (5 + ^G-+a(/ - ig) = , (C.22) 
and G a / is determined by 

-A^/ + z<?) + + ~iv+ - ^-W + i^pfM + ig) 
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+(/ + ig)[- l ~n iul21z + ^F 7l7273 _ + ]e™ s + i<V(/ - iy) = . (C.23) 
Substituting the above results into (|3.8|) . we can solve for G a ^ to get 

Ga ^ = (/ _ i g ) ( ~ A 9a[/3 D -,](f + + (/ + iff)(-2^ Q) ^ 

- 2 5 , a[/3^7],5 <5 + 2 ffa[^7],+- ~ &F-+a^ + ^9a\fl F l}-+S ) 

+(/ + ig)e^(n a>SlS2 - 2*F„ +a5l(52 )) . (C.24) 

Similarly for the equations ()3.7j) , ()3.9j) , (jHHSj) and (j3.21|) , we find that G fi ^ is deter- 
mined by 

X i 

(/ + [ ^/3, a ~ &-,+a] + (/ + iflOtg^Tl.TSiTa + 3 ^-+7i7273] e7l7273 a 

- z 5 )G 7l7273 e™ 3 Q = , (C.25) 



G_ +Q , is determined by 

1„ „ 1 

Si 

1 



A»(/ + iff) + [-^a/ + 2^«,-+ - ^-+a 7 7 



+ 2fi_, +a ](/ + ig) + -GL +a (/ - i<?) 
+(/ + ig)[-]p^ z - l - F _ +m ]e™\ = , (C.26) 

and G a s s is determined by 

3 3 3 % 1 

|A*(/ + iff) + hgO*/ + gfi Q ,-+ + -4F-+J + 4^/a](/ + iff) 

+(/ + ^[-Iq^ + ^_ +717273 ]e™ Q - ^/(Z - fc) = . (C.27) 
By substituting the above results into (|3.13|) . we can solve for G a ^ to get 

Ga ^ = Tf -ig) {~ A9 ^ aD ^ + + (f + ^)(- 2fi 7,"/3 

+(/ + ig)eJ A {^,hh - 2iF_^ hh )) ■ (C28) 
Using the above results, ()3.7j) and ()3.14|) yield 

^(/ 2 + g 2 ) - + n^ +Bl }(f 2 + g 2 ) = 0, (C.29) 

and 

tifdzg - &gd- a f + [-2zQ a - 4zF_ +s /](/ 2 + g 2 ) 
M 

+j U 2 + g 2 )F_ +m e^\ = . (C.30) 
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The last equation can be used to determine F_ +7l7273 . We summarize below the equations 
that give the components of the fluxes as in the SU (4) x K 8 
The scalar fluxes P are given in the following equations 



case. 



Fluxes 


Equations 


P+ 




Pa 




Pa 





(C.31) 



The G fluxes are determined by the following equations 



Fluxes 


Equations 


s~i a 


(EH) 






G+a/3 






(|(U3^ 


r~* a 






(|C.20|) 


G a f3~i 


(1CJ.21|) 


G — \-a 


(|C.22|) 




(|0-24| 


G a p^ 


(|(i.25|) 


G — \- a 


«J.2fl 


G Q/ 3 7 


(1(^.281) 


oy the following equa 


Fluxes 


Equations 


F+a/3-yS 


f)B.4j) 


T? - 7 
r +a/3-y 


cm 


P+aQ^S 


(|(Uo| 


F a cP 

1 ~a (i 


(|<119|) 


F-+a/3-y 


(|c.3n(i 



(C.32) 



(C.33) 



The fluxes that do not appear in the above tables are not restricted by the Killing spinor 
equations. F is further restricted by the self-duality condition. The conditions on the 
geometry have been summarized in section four. 



Appendix D The solution of Killing spinor equa- 
tions for the pure spinor 77 = 1 

We first begin with the algebraic Killing spinor equations. In particular ()3.4j) and (j3.5j) 
imply that 

P+ = 0, G +a a = (D.l) 
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and ()3.6|) implies that 

G+tf = . (D.2) 
The last two equations, (|3.2j) and ()3.3|) . give 

= —Gap (D.3) 

and 

P« + ^eJ^G^ = , (D.4) 

respectively. 

The trace of the dual of ()3.16|) gives no new conditions because of (|D.1|) and the 
duality condition 

^'"+ «1 «2tt3tt.-l • (D.5) 

Substitute this back into ()3.16|) to find 

G +a ~ = . (D.6) 

Furthermore ()3.10|) implies that 

F +a05 5 = -iQ a>+0 , (D.7) 
the reality condition of F requires that 

and the duality of F leads to 

Q a>+ a = • (D.9) 

The condition (J3.24|) does not give any additional restrictions on the geometry or the 
fluxes. Separating ()3.22|) into real and imaginary pieces, we find that 

d + log h + 2°+-+ = ( D - 10 ) 

and 

?fi +i7 7 + g+ = o. (d.ii) 

Next consider the equations (|3.11|) and ()3.15|) . Dualize (j3.11|) and symmetrize the 
free indices to find 

= , (D.12) 

and use the duality of F to get 

F+aW = • (D.13) 
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The remaining equation gives 

G +aP = . (D.14) 

The (j3.15|) implies 

0^ = . (D.15) 

Equation (j3.11|) gives no new conditions. Next we turn our attention to ()3.23|) . Substi- 
tuting (ffTT3|) and (|7Xl4jl . we find that 

^+,a P = . (D.16) 

Taking the real and imaginary parts of (j3.17)l . we find 

d_log/i + ^__ + = (D.17) 

and 

- iQ- + fi_, 7 7 + |F- 7 V = • ( D - 18 ) 

The latter equation expresses the F_~p / component of the flux in terms of the geometry 
and the scalars. The condition ()3.19|) gives 

and the condition ()3.18)1 gives 

G. af3 = e a/3 ^ 2 [fi_ 7l72 + iF.^J] . (D.20) 

Next let us consider flUE), (pD2J), fpTT^ and (f3~27Ijl . First take the trace of flUE) to 
find 

fi/a - z'F_ +a / - io^^™.. = (D.21) 



and (j3.20j) gives 



fi_, +a + iF_ +a / + i^e^^a = . (D.22) 



These give 

Qpfa + 3fi_ i+a + 2iF_ +a / = (D.23) 

and 

G 7l7273 e™ a = -24[ft_ i+a + zF_ +a /] = 12[fi_ i+a + ft/ a ] . (D.24) 
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Next eliminating G 7l7273 from (j3.12|) . and using ()D.21|) and ()D.24|) . we get 

1 1 1 7 Q ' 

D- a log h + -fi a / + -^,_ + - -n fi f a - -ft_, +ci - yF_ +a / = . (D.25) 
In addition, (j3.14J) gives 

= G^ + . (D.26) 
Comparing this with (jD.3|) . we find that 

GgJ = Ga-+ = . (D.27) 
Finally, dualize and use (ITT24I) to find 

[fi«, 7l72 + 2zF_ +Q7l72 ]e 7l72 /3l/ 3 2 - 2fi_ i+7 e 7 Q , j g l/ 3 2 = . (D.28) 

Dualizing the above equation, we get 

Vt aAh + 2iF_ +ahh - 2Vt_ Mh g Ma = (D.29) 

and taking the trace we find 

Q f s + 2iF_ +£ / + 3ft_, +Q = , (D.30) 

which is identical to (jD.23|) . 

Next we turn our attention to the remaining four equations ()3.7|) . ()3.9|) . ()3.13|) and 
(|S2H). First (O implies that 

2i 

n 7 _ n p fT/i 727374 _ n fr\ 91 ^ 

"or) — ha g A ct7i727374 c w " yi^.u^j 

Dualizing and taking the trace of ()3.13|) . we get 

ifi 7li7273 e™ 3 Q + l -Gj + ^G a _ + = (D.32) 

and dualizing (|3.21J) . we find 

l -F_ +m e™\ - ~G a / - = (D.33) 

Adding the above two equations, we get 

3f2[ 7li7273 ] + 2iF — i- 7l7273 = , (D.34) 

which expresses F 1-717273 111 terms of the geometry. In addition comparing (HUT)) and 

flD.33|) . and using the duality of F, we get 

G a _+ = (D.35) 
41 



S 7 ' 

a J = _ W , .717273 = _4 ? '0 _ _ .717273 (r\ oa\ 

'-Jap g - 1 — h7i7273 c ot ^ oi '71 ,7273 c " ■ V " u / 

By substituting the above results into (|3.13|) . we also find 

C 7172 a = (^a,Sih ~ 2i>F — h«<5i<5 2 ) e 1 2 7172 = 2[^a,5i5 2 ^5i,5 2 a] e 1 2 7172 • (D.37) 

Finally taking the complex conjugate of (|3.7|) . we get 

1 1 1 Q Q * 

£>* a log _ + _0 S) _ + + -Hp fa + ~H-, +a + y F_ +a / = (D.38) 

Comparing this with (jD.25|) we find 

2<9 a log /i - - = (D.39) 

and 

1 5 

iQa — ri s ,/3 + -Hp, a + 2^">+ s 

+3zF_ +a7 7 = iQa - fi a / - Qpfa - 20_ +a = . (D.40) 
The scalar fluxes P are given in the following equations 



The G fluxes are determined by 



Fluxes 


Equations 


P+ 


cm 


Pa 




Pa 




he following equatioi 


Fluxes 


Equations 


rt a 




G+ a p 


tun 


G+ a p 


(|t).14|) 


G+ a p 


(|D~2|) 


r~i a 
Lr_ Q 


(|D.19|) 


G- a p 


(|D.20|) 


G a p"j 


(|D.24|) 


G — \- a 


(|D.27|) 


G — \. a 


(|D.35|) 


G a p*! 


(|l).37|) 



(D.41) 



The F fluxes are determined by the following equations 



Fluxes 


Equations 


F+afi-yS 




F+aPy" 1 




F + a p-yS 


(|D.13|) 


1 —a P 


(|D.18|) 


F-+ a p-y 


(|D.34|) 


F-+af3 : y 


(ID.29I) 
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The fluxes that do not appear in the above tables are not restricted by the Killing spinor 
equations. F is further restricted by the self-duality condition. The conditions on the 
geometry are summarized in section 



Appendix E The solution of Killing spinor equa- 
tions for the pure spinor 77 = ei234 

We first begin with the algebraic Killing spinor equations. In particular (|3.4|) and ()3.5|) 
imply that 

P + = , G +a a = (E.l) 

and (|3.6|) implies that 

G +aP = . (E.2) 
The last two equations, ()3.2|) and ()3.3|) . give 

G- +a = Gap 13 (E-3) 

and 

P- a + ^e^*Gp M = , (E.4) 

respectively. 

The trace of the dual of (j3.10J) gives the duality condition 

F+a\a2a^a4 L . (E.5) 

Substitute this back into ()3.1()|) to find 

G +a0 = . (E.6) 

Furthermore (13.16)1 implies that 

F+ a pS 5 = ^a,+P i ( E - 7 ) 

the reality condition of F requires that 
and the duality condition of F gives 

0,,+ Q = • (E.9) 

The condition (|3.22j) does not give any additional restrictions on the geometry or the 
fluxes. Separating ()3.24|) into real and imaginary pieces, we find that 

d+ log h + ^+,-+ = (E.10) 
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and 

-ifi +i7 7 + g+ = 0. (E.ll) 

Next consider the equations (j3.11j) . ()3.15|) and use the duality of F. They yield 

F +aPjS = , (E.12) 

= , (E.13) 

and 

G+0 = . (E.14) 
Next we turn our attention to ()3.23|) . Using the above results, we find that 

^+,a P = . (E.15) 

Taking the real and imaginary parts of 1)3.19)1 . we find 

d_log/i + = (E.16) 

and 

- iQ_ - fl_, 7 7 + ^_ 7 y = • (E.17) 

The latter equation can expresses the F_ 7 ° '$ s component of the flux in terms of the 
geometry and the scalars. The condition (J3.17)) gives 

G-J = -\F- M ^ M , (E.18) 
and the condition (j3.18|) gives 

G-tf = e^ 7172 [^-, 7172 - iF^J] . (E.19) 

Next let us consider (|3.7|) . (|3.9|) . (j3.13|) and ()3.21|) . An analysis similar to the one in 
the previous appendix yields 

Qpfs + 3tt_ :+ei - 2zF_ +a / = (E.20) 

and 

G^ 3 e™\ = -24[fi_, +Q - zF_ +Q /] = 12[fi_, +Q + n & f Q ] . (E.21) 

The former condition has been viewed as an equation for F_ + ap- By substituting these 
results back into the equations we find 

Dl log h + + - ij]/ a - Iq_ >+s + = . (E.22) 
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and 

G a ~^ = G a |- = . (E.23) 

Finally, dualizing ()3.13|) yields 

^a,/3i/3 2 + 2i-F_+a/3 1/ 3 2 ~ 2tt_ )+ [ j3i g j32 ]a = . (E.24) 

Next we turn our attention to the remaining four equations ()3.8j) . ()3.12j) . ()3.14j) and 
fl3~2TI|) . They yield 

3^71:7273] — 2iF. — h-7-17273 = ' (E.25) 

which expresses F^ 2 ^ 3 s s in terms of the other fluxes and geometry. We also find that 

= (E.26) 

and 

8? 

n_J — p , f 7i7273_ = 4Q f 717273 _ (T? 07) 

u ap g ± — h7i7273 c o ^ '71 ,7273 c « • i uil J 

By substituting the above results into ()3.8|) we get 

^07172 (^a,5i<52 ^i-FL^-Q^^)*^ 7172 

= 2[Q a ,s 1 8 2 + ^<5i,<5 2 a]e 5l52 7i72 • (E.28) 
Finally, comparing (gm with (|E~22j) yields 

2<9« log /i - ~ = (E.29) 

and 

1 5 

— iQ a — &a,/3 + a + 7j^-,+a 

-3iF_ +S7 7 = -zQ a - - fy, / Q ~ 2fi_,+a = . (E.30) 

This concludes the analysis of the equations. The conditions on the geometry are sum- 
marized in section 03 
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